Introduction
To adjust the survey results of multi-row networks the Gauss-Markov model can be used, including accuracy weight matrix for the values observed, as well as including the apparent observational equations for the coordinates of tie points. To the apparent observational equations the relevant accuracy weights are assigned for the analysed coordinate points or their covariance matrices. Many authors of scientific papers use for that purpose the sequential adjustment of measurement results, i.e. the adjustment carried out in a few stages. By foreign authors, there are the works of Baardy [2] , Teunissen [14] and Rao [13] . By domestic authors, there are the papers of Adamczewski [1] , Baran [3] , Gaździcki [7] , Kadaj [8] , Wiśniewski [15] and Kamiński [9] . Many computer programmes, e.g. GOENET [8] , use this procedure to adjust measurement results of the multirow control networks.
The issue of the estimation of the horizontal and vertical control point coordinates in tying to national geodetic control networks is similar to multirow networks adjustment but specific allocation of these networks set down different conditions of tying them to national geodetic control networks. This problem, in relation to determination of point displacement, was worked on in Canada by Chrzanowski [4] and in Germany by Pelzer [10] . Similar deliberations were made nationally by Czaja [6] and Prószyński and Kwaśniak [12] . The deliberations included in this publication will only be referred to three thematically nearest positions, i.e. Czaja [5] , Prószyński [11] and Wiśniewski [16] . In paper [5] the author proposes to include the observations of connecting national geodetic control network points to the adjustement of horizontal and vertical control network. For the coordinates of national geodetic control points the author proposes to juxtapose the pseudo-observation equations including their ccovariance matrices. Prószyński [11] in his paper presents the method of tying the horizontal and vertical control networks to the national geodetic control networks with use of Helmert transformation parameters. In the first stage, the horizontal and vertical control network, along with selected points of national geodetic control network, is freely adjusted in local system. In the second stage, the local system is transformed into national system, on the basis of previously estimated transformation parameters for adjustment points, namely turn and displacement. Wiśniewski [16] in his paper deals with observation results adjustment in geodetic networks. Deliberations included in Chapter 6 refer to the adjustment of results with the use of sequential method, i.e. carried out for different stages of geodetic network measurement. The gist of this method is to include in each stage the adjustment of results obtained in previous stages. Wiśniewski [16] proved that the formulated pseudo-observation equations for the point coordinates and their covariance matrices, obtained in the preceding stages, have identical estimates to the adjustment of the whole geodetic network in one stage.
Horizontal and vertical control networks are used for marking out structures in the field, therefore the coordinates of their points have to be marked with high accuracy. The accuracy of horizontal and vertical control networks is at least by one range higher than the one of national geodetic control networks. Tying the horizontal and vertical control networks to the coordinates of national geodetic control points is done by means of geodetic tie construction. Tie construction consists of a selected group of horizontal and vertical control network points and national geodetic control network points, in which the angles and lenghts marked by these points are measured.
The adjustment of measurement results in tie construction leads to determination of coordinate estimates of the selected horizontal and vertical control points and the national geodetic control points as well as their covariance matrices. For the estimation of point coordinates in tie construction covariance matrix must be used for the coordinates of selected national geodetic control network points.
Final adjustment of measurement results in the horizontal and vertical control network cannot be affected by inaccuracy of the national geodetic control point coordinates, included in tie construction.
To formulate the accuracy criteria for tying horizontal and vertical control network it is necessary, for tie construction, to introduce separate formulas for estimation of point coordinates and their covariance matrices of the horizontal and vertical control network and the national geodetic control network. The introduction of these formulas is done by way of solving the system of four matrix equations, which result from the reciprocal of properly defined block matrix.
The criterion for the proper way of tying the horizontal and vertical control network is assumed as the relation of standard deviation value for the intervals between points in tie construction to the medium standard deviation of the sides lenght measurement in this construction. Value of the standard deviation is determined on the basis of the variance coefficient obtained from the estimation of points coordinates in tie construction and the variance included in the weight matrix for the measured lenghts. On the basis of this relation, three methods of tying horizontal and vertical control networks to the national coordinate system have been proposed.
The proposed methods of tying the horizontal and vertical control network can be used in marking out the structures in small areas as well as to mark out border markers of the residential plots in the field.
The practical application of the proposed algorithm for the determination of proper method of tying the horizontal and vertical control network, along with the interpretation of calculations results, is illustrated in the final part of this thesis in the form of numerical example.
Theoretical Foundations of Gauss-Markov Model (L, AX, G) with Random Parameters
It is assumed that L is a vector of the observed random variables, the mean value of which can be descibed with the use of the established linear AX models, where X represents the vector of the estimated parameters, and A represents the matrix of known coefficients in estimated parameters. In geodetic networks the values of these coefficients are the partial derivatives values of the observed elements (angles and lenghts) in relation to coordinates of points that specify these elements. The estimate parameters, on the other hand, are coordinate differentials of the national gedetic control points of tying and coordinate differentials of the horizontal and vertical control networks which are subject to connection.
It is assumed that the vector of estimated parameters X is also a random variable with covariance matrix C.
To the observed values the condition is applied that matrix G is a conditional covariance matrix of the observations L with established parameters X, namely
Considering the above assumptions, the conditional covariance matrix of the observations L is determined according to the dependancy [13] :
In order to divide the process of differentials estimation to the horizontal and vertical control points coordinates to the process of differentials estimation of national geodetic control network points coordinates, with established covariance matrix C, the coefficients matrix A has to be divided into two parts, namely matrices A 1 and A 2 . Matrix A 1 represents the coefficients of the national geodetic control point coordinates differentials, while A 2 matrix represents the horizontal and vertical control points coordinates differentials. Simultaneously the estimated parameters X are subject to the analogical division into X 1 and X 2 .
Considering the above notations, the observational equations for the tie construction can be presented in the following block matrices formula:
For the equations (2) covariance matrix is defined in form of the following block matrix:
where:
G -a conditional covariance matrix of observations L with established parameters, C -a covariance matrix for multidimensional random variable that represents coordinates of the national geodetic control network points.
After carrying out the principle of the smallest quare sum of random deviations for the system (2), including covariance matrix (3), the normal equations system is presented in form of block matrices [6, 16] :
In order to solve the normal equations system (4), with the division of estimated parameters into differentials vectors X 1 and X 2 , it is necessary to determine the reciprocal of the block matrix that exists in the product with these parameters. To simply the analitical conversion for the block matrix elements the following notation is assumed:
The reciprocal of block matrix (5) is defined with use of the following condition: 
Solving the above equation system leads to the following matrix formula H 1 , H 2 and H 12 : 
On the basis of formulas (8), (9) and (10) for the reciprocal of block matrix (6), solution of the equation system (4) can be written in the following explicit form:
The derived formula (11) enables to estimate seperately the differentials to national geodetic control points coordinates, in form of vector 1 X , and the differentials to approximate coordinates of the horizontal and vertical control points, in form of vector 2 X .
After realization of proper matrix products in the formula (11) for the first row of block matrix H, vector 1 X is expressed by the following dependence:
Replacing the above dependence by the formula (8) and extracting matrix H 1 from brackets we get final formula for estimated differentials to national geodetic control points coordinates, which is:
After getting matrix product (11) for the second row of matrix H and after performing similar transformations like in formula (13) , vector X 2 is determined by the following relation:
On account of the fact that the coordinates of national geodetic control points, included in the process of tying, are never corrected with the estimated differentials in form of vector 1 X , therefore their values will be only used for estimation of random deviations for values observed in the tie construction. If the estimated differentials to the approximate coordinates of horizontal and vertical control network points, represented by vector 2 X , are added to the approximate coordinates of points, established at the stage of just aposing the observational equations, we get the most probable coordinates of those points in the national system.
A very important problem in the presented process of estimation is the inaccuracy evaluation of vector 2 X . Variance of vector 2 X can be written in form of a general definition in the following form [13] :
After inserting to the above dependence the formula for vector estimate, the variance of this estimate is expressed by the relation:
If the vector of absolute terms L is replaced by the expression containing the matrices from the process of estimation as a sum of model values of the observed quantities ( 2 2 A X ) and random deviations δ, namely = + 2 2 ( ) L A X δ , then after performing several transformations, the relation (16) will take the following form: (ˆ) E L A X A X , namely:
Thus variation coefficient in the estimated model of the tie construction is expressed by the formula:
in which n states for the number of observed geodetic elements in the tie construction, and k is a number of estimated coordinates of horizontal and vertical control network points, which are included in the tie construction.
The Criteria of Tying Horizontal and Vertical Control Networks
Matrix G represented the variance matrix of the observed values (angles and lenghts) in the geodetic tie construction; therefore it will contain on the main diagonal only the squares of mean measurement errors. Values of those errors are established on the basis of accuracy classes of the instruments used for measuring lenghts and angles in the tie construction. Matrix G can be written in the following form: 
In practical solutions the mean errors for lenght measurements are accepted at equal level d σ and for angle measurement at equal level β σ . Matrix C will be represented by covariance matrix for the coordinates of selected national geodetic control network points, included in the tie construction. Matrix C should come from national geodetic control network adjustment; therefore it should have the following form: 
If the coordinates of national geodetic control network points do not have full covariance matrix, then matrix C should contain only the elements on the main diagonal, the values of which should correspond to the squares of mean errors of establishing coordinates of these points.
Matrices A 1 and A 2 are partial derivative values of the observed elements in the tie construction calculated against the coordinates of points included in this construction.
On the basis of formulas (13) and (14) According to the existing geodetic intructions, the following accuracy criteria can be mentioned. The 3 rd class national geodetic control networks have specified accuracy charactersitics in form of mean error of point location 2 2 10 cm
Accuracy of horizontal and vertical control network is formulated with the use of side lenght error, after final adjustment of observation resulst in this control network. Value of this error, depending on an established accuracy of marking out points in the field, cannot be larger than 5 cm [5] .
To formulate the criteria of tying horizontal and vertical control networks to national geodetic control networks the following estimates determined from model (2) will be used: covariance matrix ĉ ov( ) 2 X for the coordinates of horizontal and vertical control points established according to the formula (17), and variance coefficient 2 0 σ for the values observed in the tie construction specified with relation (19).
On the basis of the above parameters values, three ways of final coordinates estimations of horizontal and vertical control points can be formulated.
The criteria describing the way of this estimation will be defined with the following parameters:
-maximum value of standard deviation max( ) ( 1) n − degrees of freedom and (1 ) 
then the observations of the tie construction should not be included into the final coordinates estimation of the horizontal and vertical control points. In such case, in the final adjustment of the horizontal and vertical control network the estimated coordinates ˆ2 X should be considered as well as their matrix ĉ ov( ) 2 X . III. If for any distance d i between the horizontal and vertical control points the inequality takes place:
it means that the value of standard deviation of the distances between the horizontal and vertical control points exceeds triple value of parameters estimation inaccuracy in the model of the tie construction. In such case, tying the horizontal and vertical control network to the national coordinate system should be performed on the basis of estimated coordinates for one point of the national geodetic control network and for one point of the horizontal and vertical control network. Such tying of horizontal and vertical control network will be free of any distortions of measurement results of this control network resulting from high inaccuracy of marking out the national geodetic control network.
Numerical Example
To establish the way of tying the horizontal and vertical control network, which is represented by one point no. 3, the tie construction to the national geodetic control network has been analysed, represented by point no. 1 and no. 2. The elements which are subject to measurement in the tie construction are illustrated in Figure 1 , while the observed values of these elements and coordinates of national geodetic control network points, reduced to point no. 1, are presented in Table 1 . On the basis of the observed elements, that is length d 13 and angle β 1 as well as the coordinates of the national geodetic control points, the approximate coordinates of point no. 3 have been calculated, that is: ( ) ( ) ( ) ( ) 
On the basis of the above values the observational equations system was formulated, illustrated in Table 2 . In the composed system of observational equations the matrices A 1 , A 2 and L have been marked in relevant frames.
To determine matrix G it was assumed that the measurement is carried out with the electronic tachymeter, which according to the accuracy metrics provided 5 mm 
Matrix C will be represented by covariance matrix for the coordinates of the 
Differentials estimate to the coordinates of the national geodetic control points, which are represented by points no. 1 and no. 2, is expressed by the following dependence (compare formula (13) 
Differentials estimate to the coordinates of the horizontal and vertical control points, represented by point no. 3, will be expressed by the formula (14) 
On the basis of the above estimate values the formula (18) will be realised, which will lead to the calculation of random deviations to the observed elements of the tie construction, namely:
On the basis of the determined random deviations δ and demanded matrix G variance coefficient (19) has been calculated for the assumed estimation model, that is: Estimate X 2 proves, that the most probable value of the coordinates of point no. 3 in the national system are as follows: 
Covariance matrix for the estimated coordinates of point no. 3 will be expressed by the following dependence: In the analysed numerical example only one point was considered of the horizontal and vertical control network in the tie construction, therefore to determine accuracy criterion of tying larger value of standard deviation will be used, calculated for the side 1-3 or 2-3.
After considering the azimuth of this side The above calculations prove that tying the horizontal and vertical control network to the national coordinate system should be performed on the basis of estimated coordinates for one point of the national geodetic control network, e.g no. 1, and for one point of the horizontal and vertical control network. For final estimation of the coordinates of the horizontal and vertical control points in the national system the orientation elements of this control network should be assumed, which result from the estimated coordinates in the tie model, namely: The established method of tying of horizontal and vertical control network will be free of any distortions of measurement results of this control network because of high inaccuracy of marking out the coordinates of the national geodetic control network points.
Final Conclusions
The derived formulas for parameters estimation in the tie construction are the basis for formulating three ways of final estimations of the coordinates of the horizontal and vertical control points in the national coordinates system. The criteria describing the way of this estimation are defined with the following parameters: 
